Given a Dirac subbundle and an isotropic subbundle, we provide a canonical method to obtain a new Dirac subbundle. When the original Dirac subbundle is Courant involutive this construction has interesting applications, unifying and generalizing some results on the reduction of Dirac structures previously found in the literature.
Introduction
The structure underlying the reduction of a Poisson or symplectic manifold M is a Poisson algebra. Such algebraic data can be encoded in geometric terms through the concept of Dirac structure, which generalizes the Poisson and presymplectic geometries by embedding them in the framework of the geometry of T M ⊕ T * M . Dirac structures were introduced in a remarkable paper by T. Courant [4] . Therein, they are related to the Marsden-Weinstein reduction [9] and to the Dirac bracket [6] on a submanifold of a Poisson manifold. Recently, Dirac subbundles have been considered in connection to the reduction of implicit Hamiltonian systems (see [2] , [1] ). This simple but powerful construction allows to deal with mechanical situations in which we have both gauge symmetries and Casimir functions.
In the most general setup, Dirac structures are lagrangian subbundles of exact Courant algebroids. In a recent work H. Burzstyn, G. R. Cavalcanti and M. Gualtieri have considered the natural generalization of group actions to the context of Courant algebroids and the reduction induced by them. If the generalized action is a symmetry in the sense that it preserves the Dirac structure the latter may be transported to the reduced Courant algebroid.
We deal with the same problem of reducing Dirac structures but our strategy is somehow different. We perform the reduction in two steps. First we deform (stretch) canonically the Dirac structure along the symmetry, obtaining a Dirac subbundle which is interesting in its own right. Then we argue that the stretched structure reduces in a natural way. Our procedure also requires weaker symmetry assumptions for the Dirac structure and as a byproduct we obtain the analogue of the Dirac bracket for this setup. In our approach the rôle of symmetry is played by integrable isotropic subbundles of the Courant algebroid. These objects and their applications in the context of constrained dynamical systems have been extensively studied recently by I. Vaisman (see [11] and [12] ).
The relation between our work and [3] is exactly parallel to the relation between Marsden-Ratiu reduction by distributions [8] and Marsden-Weinstein reduction by symmetries [9] . Actually, our original motivation was to generalize for any Dirac structure the Marsden-Ratiu reduction of Poisson manifolds.
The paper is organized as follows. In Section 2 we fix the notation and give the basic definitions. Section 3 contains the main results of the paper. Examples and applications are described in Section 4. Section 5 is devoted to the conclusions.
Courant algebroids and Dirac structures
Following [3] we define a Courant algebroid over a manifold M as a vector bundle E → M equipped with an R-bilinear bracket [·, ·] on Γ(E), a nondegenerate symmetric bilinear form ·, · on the fibers and a bundle map π : E → T M (the anchor) satisfying, for any e 1 , e 2 , e 3 ∈ Γ(E) and f ∈ C ∞ (M ): where D : C ∞ (M ) → Γ(E) is defined by D = 1 2 π * • d, using the bilinear form to identify E and its dual. We see from axiom (v) that the bracket is not skew-symmetric, but rather satisfies [e 1 , e 2 ] = −[e 2 , e 1 ] + 2D e 1 , e 2 .
A Courant algebroid is called
is an exact sequence. Choosing a splitting T M → E of the above sequence with isotropic image every exact Courant algebroid is identified with T M ⊕ T * M endowed with the natural symmetric pairing
and the Courant bracket A Dirac subbundle D in an exact Courant algebroid is a maximal isotropic subbundle with respect to ·, · . Maximal isotropy implies that D ⊥ = D, where D ⊥ stands for the orthogonal subspace of D. In particular, rank(D) = dim(M ).
A Dirac structure D is an integrable Dirac subbundle, i.e. a Dirac subbundle whose sections close under the Courant bracket. In this case the restriction to D of the Courant bracket is skew-symmetric and D with anchor π is a Lie algebroid.
The Based on [3] we will say that W ⊂ E is preserved by V , or V -preserved for shortness, if [Γ(V ), Γ(W )] ⊂ Γ(W ).
Note that from the previous definition if e is V -invariant, then for every
The second possibility will be the one we meet in the paper.
Stretched Dirac structures
Take a Dirac subbundle D ⊂ E and an isotropic subbundle S ⊂ E, i.e. S ⊂ S ⊥ . We always assume that D ∩ S (or equivalently D ∩ S ⊥ ) has constant rank. It is not difficult to show that we can "stretch" D along S and obtain another Dirac subbundle (see Remark 3.1 below for an interpretation in terms of reduced Dirac structures), namely
We call this the stretching of D along S. We must show that D S is maximal isotropic, but this is immediate since
where in the last line we have used that D is maximal isotropic and S is a subset of S ⊥ . It is also clear that D S , as the sum of two subbundles, is a (smooth) subbundle. This construction is canonical, for D S is the Dirac subbundle closest to D among those containing S, as stated in the following Proof: From the isotropy of D ′ and given that S ⊂ D ′ we deduce that
But D S and D ′ have the same dimension, so that they are equal.
The following propositions, whose proofs are immediate, will be useful in the sequel.
Now assume that D is a Dirac structure. In general, even if D S is a smooth subbundle its sections do not close under the Courant bracket (see Example 2 in the next section). In order to obtain some meaningful and interesting results on the closeness properties of D S we shall assume from now on that S is closed under the Courant bracket, or equivalently that S is S-preserved. In this situation we have the following 
It remains to show that [e 1 , e 2 ] ∈ Γ(D S ). Since we assumed that both D ∩ S ⊥ and S are subbundles, every section e ∈ Γ(D S ) can be written as Remark 3.1. We give an interpretation of the definition of stretching in terms of reduced structures. As S is assumed to be isotropic, by odd linear symplectic reduction S ⊥ /S is endowed with a nondegenerate symmetric bilinear form, and D can be pushed forward 2 to a maximal isotropic (smooth) subbundle of S ⊥ /S, namely the image of D ∩ S ⊥ under S → S ⊥ /S. Pulling back this we obtain a maximal isotropic (smooth) subbundle of E, precisely (D ∩ S ⊥ ) + S = D S . In this sense the definition of stretching is very natural.
Next we give an interpretation of Theorem 3.2, where we assumed that both S and D are closed under the Courant bracket. Using axiom (iv) in the definition of Courant algebroid one checks that the closedness of S is equivalent to [Γ(S), Γ(S ⊥ )] ⊂ Γ(S ⊥ ), i.e. to S ⊥ being preserved by S. Now assume also that π(S ⊥ ) is a regular integrable distribution. Then by Corollary The next proposition is obvious
Here in the second and third members of the equality the invariance is meant with respect to the Courant bracket of E H−dB .
Inspired by [10] we will give the following If D comes from a Poisson structure and S ⊂ T M our definition reduces to Definition 10.4.2 of ref. [10] . We will see now that our previous definition is closely related to the S-preservation of D S as stated in the following Proof: Observe that only properties of D S are involved in Definition 3.1; hence, without loss of generality, we can assume in the proof that D S = D, or equivalently, S ⊂ D.
Assuming S is canonical for D and D S = D we know that we have, at any point, a local basis of S-invariant sections for D. Then, any section e ∈ Γ(D) can be written as a linear combination of the elements of this basis and then it follows from (iii) in the definition of Courant algebroid that [Γ(S), e] ⊂ Γ(D).
For the other implication notice first that π(S) is a regular integrable distribution since Ker(π) ∩ S = π * (π(S ⊥ ) 0 ) and given that π(S ⊥ ) is regular and π * is injective for exact Courant algebroids, then Ker(π)∩S is a subbundle. Now, the fact that S is also a subbundle implies the regularity of π(S). Integrability follows from the S-preservation of S. Under these conditions we can take a commuting basis of sections in π(S) denoted by {∂ i }. Let us denote by s i an arbitrary lift of ∂ i to S, i.e. s i ∈ Γ(S) and π(s i ) = ∂ i . We define now a connection on D (actually on D restricted to any leaf of π(S)) by
The curvature of the connection, with components F ij , is given by
and given that ∂ i and ∂ j commute and S is S-preserved we have [s i , s j ] ∈ Ker(π) ∩ S.
Next we want to show that
For that, take a section s ∈ Γ(Ker(π) ∩ S) and write it as π * (η) with η ∈ Γ(π(S ⊥ ) 0 ). Also take arbitrary sections e ∈ Γ(D) and s ⊥ ∈ Γ(S ⊥ ). Now
where in the last equality we have used that D ⊂ S ⊥ and π(S ⊥ ) is integrable. From From the previous theorem we may derive other results: Actually, the proof of Theorem 3.3 shows a more general statement: 
Examples and applications of the stretching to the reduction of Dirac structures
In this section we work with exact Courant algebroids of the form E H for some closed 3-form H. 1. Dirac bracket (or Dirac Dirac structure). The first example deals with a natural generalization to Dirac structures of the Dirac bracket for constrained Poisson manifolds. We will see that, contrary to the Poisson case, in our situation no additional properties for the constraints are required.
Consider an integrable distribution Υ ⊂ T M and let Υ 0 ⊂ T * M be its annihilator, i.e. sections of Υ 0 are the one-forms that kill all sections of Υ. Then, for any Dirac structure D on E H → M so that D ∩ Υ 0 has constant rank, D Υ 0 is a Dirac subbundle such that π(D Υ 0 ) is everywhere tangent to the foliation (i.e. π(D) ⊂ Υ). That is,
It is easy to show that the right-hand side of (4.1) is always a section of Υ 0 . Namely, for any X ′ ∈ Γ(Υ),
Thus every section of D Υ 0 is Υ 0 -invariant and due to Theorem 3.2 (which applies since Υ 0 is closed under the Courant bracket) we deduce that D Υ 0 is closed under the Courant bracket. In other words, D Υ 0 is a Dirac structure. The Dirac structure D Υ 0 can be restricted to any leaf N of the foliation induced by Υ. Let ι : N → M be the inclusion. The image of the bundle map
defines a Dirac structure D Υ 0 N in T N ⊕T * N twisted by ι * H (see also [4] for the case H = 0). The isotropy of D Υ 0 N is obviously inherited from the isotropy of D Υ 0 . Now, using that Ker(ι −1 * ⊕ι * ) = Υ 0 | N and that dim(
The proof of the closedness of the Courant bracket in D Υ 0 N is just the proof of the closedness in D Υ 0 given above (recall at this point that we are assuming that D Υ 0 is a subbundle). 
. This means that, assumed the smoothness of the reduced bundle, it makes sense to reduce a Dirac structure to a submanifold or, more generally, to any manifold mapped to M by an embedding.
Remark 4.2. Although the stretched Dirac structure can be reduced naturally to any leaf of the foliation the present construction provides a Dirac structure on M . This is similar to the relation between the Dirac bracket in a Poisson manifold and its reduction to the submanifold of constraints. In the next paragraph we shall discuss the conditions for having a Poisson structure on M after the stretching process.
The Dirac structure D Υ 0 ⊂ E H is the graph of a bivector field (which will be a twisted Poisson structure due to Courant involutivity) if and only if at every point of M
Taking the orthogonal of (4.3) we get the more familiar (and equivalent) condition 2. Projection along an integrable distribution. Now, let Θ ⊂ T M be an integrable distribution. We assume that H descends to M/Θ, the space of leaves of the foliation defined by Θ (assuming that M/Θ is a manifold). Given that H is closed, our assumption amounts to demand, i Y H = 0, ∀Y ∈ Γ(Θ). This, in turn, ensures that Θ is Courant involutive. D Θ is not Courant involutive in general. This is not strange since one would expect to be able to define a Dirac structure only on M/Θ. Objects on M which descend suitably to M/Θ will be said projectable along Θ. Analogously, 1-forms on M/Θ, Ω 1 (M ) pr , are linear maps from X(M ) pr to C ∞ (M ) pr . An analogous argument to that followed for vector fields yields:
Now, we are ready to prove that the set of sections (X + Y, ξ) ∈ Γ(D Θ ) which are projectable along Θ, i.e.
coincides with the set of Θ-invariant sections of D Θ . Let (X +Y, ξ) be a section of D Θ and (Y ′ , 0) be a section of Θ. It is clear that which is independent of the point of the fiber, correctly defines a Dirac structure on M/Θ. The twist in this case is given by the only three formH in M/Θ such that ρ * H = H, whose existence is guaranteed by the properties of H.
For a study of this construction in the context of abstract exact Courant algebroids (i.e. without making a choice of isotropic splitting) see [13] .
3. Restriction and projection. The previous two examples can be combined. Take two integrable distributions Θ and Υ such that Θ ⊂ Υ and i Y H = 0, ∀Y ∈ Γ(Θ). Then, S = Θ ⊕ Υ 0 is isotropic and closed under the Courant bracket. Using the result of Proposition 3.2, the stretching of D can be made in any order of Θ and Υ 0 or all at once and we get the same result:
On the other hand, S-invariant sections (X, ξ) of D S are characterized by:
Note that due to the second condition above, S-invariant sections are not, in general, projectable onto M/Θ. Instead we can pullback the sections in M to a leaf N of the foliation induced by Υ like in Example 1, and the resulting sections are indeed projectable along Θ N (the restriction of Θ to N ; recall that Θ ⊂ Υ) onto N/Θ N . It is interesting to note that although the stretching of the Dirac structure by Θ and Υ 0 can be made in any order, the interpretation of the S-invariant sections suggests a definite order in the reduction procedure: first reduce to a leaf of the foliation induced by Υ and then project to the orbit space induced on the leaf.
B-transform and projection.
We consider now a different generalization of Example 2. Given ω ∈ Ω 2 (M ) let the fibers of S ⊂ E H be given by 
where we have used that i X i Y (dω + H) = 0 for any Y ∈ Γ(Θ). Hence,
An alternative way to perform these computations is to apply a −ωtransformation to E H , and use τ −ω S = Θ, τ −ω (D S ) = (τ −ω D) Θ (see Proposition 3.1) to reduce the computation to Example 2 above.
The geometric meaning of these conditions is the following: Given a Sinvariant section (X, ξ) then τ −ω (X, ξ) is projectable along the distribution Θ onto M/Θ. Then if S is canonical for D one can project τ −ω (D S ) ⊂ E H+dω onto M/Θ defining a Dirac structure on the orbit space.
A variant of Marsden-Ratiu reduction.
Our last example is actually the motivation of the present work. It is a version of the Poisson reduction by distributions of Marsden and Ratiu [8] extended to the case of Dirac structures. The Marsden and Ratiu procedure can be expressed in words as the reduction to a submanifold N along a distribution Θ which is canonical for the Poisson structure.
In our case we start with an integrable distribution Θ and a second integrable distribution Υ s. t. one of its leaves is the submanifold N . We assume that Φ = Θ ∩ T N is a regular distribution (its integrability is a consequence of that of Θ) and the space of leaves N/Φ is a regular manifold.
The reduction then proceeds by considering first
This produces a Dirac subbundle in N that contains Φ. Assuming that Φ is canonical for D N one can project the latter to N/Φ to obtain a Dirac subbundle D N/Φ in the quotient. The problem now is under which conditions D N/Φ is integrable. Before addressing this problem we would like to remark that although the initial data include the distributions Θ and Υ, the final Dirac subbundle depends only on the submanifold N and on the restriction of Θ to N .
In order to study the question of integrability of D N/Φ we can use a combination of the previous examples. Let us assume that M/Θ is smooth and that there exists an smooth embedding ι ′ that makes the following diagram
commutative. The plan is to perform the reduction going the other way: we start form D Θ , project it to M/Θ and then reduce to N/Φ using ι ′ . We have to show first that fiberwise the two procedures give the same result.
Given a point m ∈ N the fiber over it in (D Θ ) Υ 0 is given by
Going the other way in the commutative diagram, we first project the fiber (D Θ ) m by ρ to obtain
And the pullback by ι ′ to N/Φ gives
which is exactly ρ ′ * ⊕ (ρ ′ * ) −1 (D N ) m as defined above. We consider now the case in which Θ is canonical for D, i.e. the projection of D Θ by ρ is well defined (the projected fiber does not depend on the point m we start with). In this case the reduction sketched in the previous paragraph produces a Dirac structure on M/Θ and the pullback to N/Φ also defines a Dirac structure in the final space. Thus we have shown that the first construction also provides a well-defined Dirac structure, i.e. that the Dirac subbundle D N/Φ is actually integrable. Remark 4.3. A similar construction in the setting of Poisson structures appeared in [7] .
Remark 4.4. It is interesting to note that the final Dirac structure only depends on the restriction of Θ to the submanifold N , as it is clear in the first reduction procedure. This is actually the spirit of the original approach to the problem in ref. [8] in the Poisson context (see also ref. [10] for a recent review). Therein, instead of a distribution in M one starts with a subbundle of T N M . A more detailed study of the possible generalizations of the original Marsden and Ratiu construction to the context of Dirac structures will appear elsewhere.
Conclusions.
To summarize, the stretching of Dirac structures is an interesting type of deformation which, on the one hand, generalizes the Dirac bracket to any Dirac structure when the stretching is made along a subbundle of T * M (concretely, the annihilator of an integrable distribution). On the other hand, if the stretching is performed along an integrable distribution which is canonical for the Dirac structure, then our construction corresponds to its projection along the integrable distribution. Using these tools we present a way to perform a reduction of the Marsden-Ratiu type in the context of Dirac structures. In Theorem 3.3 and its corollaries, we have clarified the relation between the different types of 'symmetries' in this context.
As pointed out throughout the paper, our work is closely related to ref. [3] even though we only deal with Dirac structures whereas [3] considers more general situations. Our approach to the subject is, however, different: we start by deforming the Dirac structure inside the initial Courant algebroid. In addition, as shown in Section 3, we impose strictly weaker requirements to our Dirac structure. Another benefit of our approach is that we obtain a new Dirac subbundle (the deformation of the original one) which not only reduces in a natural way, but may also have interest by itself. A paradigmatic case is when the deformation is performed along a subbundle of the cotangent bundle, yielding a generalization of the construction of the Dirac bracket. Also the presentation of the Marsden-Ratiu reduction as the combination of two consecutive deformations is particularly clean and simple.
Regarding this last point, it should be noted that our approach to Marsden-Ratiu reduction differs from the original one [8] in an important aspect: for our reduction to work we need the distribution to be canonical in a neighborhood of the submanifold, not just on the submanifold itself as is assumed in [8] (see also [10] ). It is natural to guess that it should be possible to perform our reduction with weaker assumptions so that the final Dirac subbundle is integrable. We will try to elucidate this issue in our future research.
